t h en c,, f 0 the problem appears difficult. Curiously enough, most of the examples which have been considered have solutions only for the set of primes when we require an infinite number of relatively prime solutions. For example, it is quickly verified that p(n) -p(n) = n if and only if n is a prime, where F and p are the Euler and Rloebius function, respectively. With the exception of the first few theorems, we shall be primarily concerned with the two functions T and g, where IJJ is the Euler function mentioned above and u is the sum of the divisors of the argument. One reason for considering these two functions is the well known fact that [l] $-= 97(N) u(n) < 1 II') for n> 1.
The major justification for the particular equation in the body of the paper comes from some of the preliminary results and Theorem 6, which was suggested by some computations received from the Lehmers. The author is further indebted to the computing center at the University of Oklahoma, which allowed its facilities to be used in the determination of the numerical data mentioned below.
PRELIMINARY RESULTS
It was mentioned in the introduction that many of the equations considered have solutions only for the primes. We will now emphasize this fact by mentioning three theorems before passing to our main results. SOME ARITHMETIC DIOPHANTINE EQUATIONS I55 THEOREM 1. Suppose v is the Euler function, u the sum of the divisors and w the number of distinct prime divisors, respectively, then
$f n is a prime.
PROOF. Trivially the above is true for n a prime. If d(n) denotes the number of divisors, of n, then d(n) > 2W(n) and
We have a(n) > n + 24n) -1 and if a(n) = 2W(n) + v(n), then p)(n) 3 n -1, which implies that n is a prime. 
PROOF. It is again easy to verify the last equation for 1 or a prime. Hence suppose the above equation is true and consider first the case when n = p" and (Y 3 2. Upon substituting into the equation and reducing, we find p"-l -1 = 0, which is false for OL > 2. Next if n is composite and contains at least two distinct prime factors we proceed as follows:
Also since v(n) < n -2 when n is composite and greater than 1, we add the above inequalities to get u(n) + p(n) < 2n (&cn)-l + n -2. However, by induction we easily prove that 2n ($).)w(n)-l + n -2 < KZ~~(*), so Eq. (3) cannot hold when n > 1 and composite. PROOF. The statement is true for n = I or a prime. On the other hand,
ril ,,I 1 c rrr and v(n) < II -1, so that d(n) > 2 with equality holding only when n is a prime.
We now consider the question as to whether or not there exist solutions for k integral and greater than 2. By using the computing facilities at the University of Oklahoma, it was discovered that for k equal to three the only solutions less than 25,000 were 312,560, 588 and 1400. A single solution for k = 4 was found in the above range which was 23,760.
We note that each of the solutions for k = 3 has exactly three prime factors and that the solution for k = 4 has four prime factors and that all solutions are even. We shall make additional remarks concerning these facts shortly. We mention here that the average value of v,(n) n + $2 = ; + ; -2.25286117, so that the solution for k = 4 seems remarkable in this light. We first add to the above discussion by proving It should be mentioned that by using (1) the above inequality can be improved to Log jk + 2/K" -4(
but the argument is rather long.
Although neither bound given above seems sharp we see some of the reason for not having found a solution for very large k by machine. Very little has been found in the way of an upper bound for w(n), even though u(n)/n < K. This inequality only leads to
which is not good for large n. The preceding numerical results indicate that the solutions of p(n) + u(n) = Kn, where k is an integer greater than two are always even. We have been unable to prove this or find a counterexample.
Following the next lemma we prove a weaker form of this conjecture. Since the left side is odd so must the right hand side be odd. We could easily have proved Theorem 4 without the use of Lemma 3, but the latter indicates a delicate balance which must exist between the exponents appearing in the canonical factorization of n and the primes themselves. The alternate method of proof consists of using the known fact [2] that and then observing that if (4) is to hold for k odd and n odd that we may rewrite (4) using the last equation as
Since the first and third terms on the left side are even for the integers under consideration, then d(n) must be odd and hence n must be a square. Also, if we assume a even value of n to satisfy (4), then for any k 3 3 we would have and thus some odd prime dividing n must occur to an odd power.
In the proof of Theorem 4, we showed there were no solutions of (4) when n = pe, and now we show there are no solutions in another special case. 
1=1
Then we must have 2+-2 ) k when n is even and 2' 1 k when n is odd.
Consider first the case when n is odd. Then we propose to show that @-I) +~~Pi+I)~2r~Pi. First we note that the inequality r-1 3 n (I 7 +,-) .:: 2'-1 I L=l holds for all Y > 4, so we need only consider the case where we have either two or three primes separately. \Ve shall only do the case here for three primes, since the remaining case is treated in a similar fashion. Hence if n is even, square-free, and contains exactly three odd primes, Eq. (4) becomes 2(Pr -1) (P3 -1) (P2 -1) + 3(PI + 1) (P, + 1) (P3 + 1) = 2&P&J,.
Using the fact that k -2 > 1, we get after some simplification But the maximum on the left hand side of this inequality is 101/105. which is ~(2~ * 3q) + ~(2~ * 3q) = 3(2a . 3q).
We note that there are some facts concerning the solutions of (4) which have not been included due to either the tedious calculations involved or the relative unimportance of the result. For example, it is a straightforward computation to show that (4) has no solutions if n contains exactly two distinct prime factors. L'k 1 ewise we can show that the integer r~=23,760=2~.3~.5.11
is the only integer of the form 2a . 3~ *p * q, where p and q are distinct odd primes which satisfies the equation v(n) + u(rz) = 4n. Also, more conditions on the canonical representation of n may be derived from Lemma 3. Theorem 6 suggests that a study be made to determine whether p)(n) + u(n) = 3n has an infinite number of solutions or at least an infinite number of solutions with exactly three prime factors. If there were only a finite number then we would have established the fact that there are only a finite number of primes of the form 7 * 2k -1, which would be very interesting.
